ON THE ALTERNATING PROJECTIONS THEOREM AND
BIVARIATE STATIONARY STOCHASTIC PROCESSES

BY
HABIB SALEHI()

Summary. In this paper we shall first use the theorem of von Neumann on
alternating projections to obtain an algorithm for finding the projection of an
element x in a Hilbert space ## onto the subspace spanned by #-valued orthog-
onally scattered measures &, and £,. We then specialize this algorithm to the case
that ¢, and &, are the canonical measures of the components of a bivariate stationary
stochastic process (SP), and thereby get an algorithm for finding the best linear
predictor in the time domain.

1. Preliminary results. In this section we state some results which are used in
later sections.

The following theorem is due to J. von Neumann (cf. [7, p. 55]).

THEOREM 1.1 (ALTERNATING PROJECTIONS). Let Py, P,, and T be projection
operators on a Hilbert space # onto the subspaces M, Mo, and M, N M, If T,
is the nth term of either of the sequences

Py, P,P,, P,P,P,, P,P,P,P,,...,
Py, P,P,, P,P,P,, P,P,P:P,,...,
then T, — T strongly(?), as n — 0.

This at once yields the following corollary, which we need later.

COROLLARY 1.2. With the notation of 1.1, if P is the projection operator on #
onto the subspace S( M, +.H ;) which is spanned by M, and M ,, then

P=P +P,—P,P,—P,P,+P,P,P,+P,P,P,—---
the convergence being in the strong sense.

The next theorem is due to A. S. Besicovitch (cf. [1, p. 9]).

THEOREM 1.3. Let (i) u be a bounded, countably additive (c.a.), nonnegative
measure defined on the family # of Borel subsets of the real line R.

(ii) v be a c.a., complex-valued measure on 4.

(iii) DA, B)={p(A—h, A+ h)[u(A—h, X+ h)}x,)(A), where o(w) is the spectrum of
u, Le., o(w)y={A: for each h>0, w(A—h, A+h)>0}. Then (a) the limit D(A, h), as
h — 0, exists (finite) almost everywhere with respect to p (a.e. w).
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(b) Ifv is absolutely continuous (a.c.) with respect to u and if the Radon-Nikodym
derivative of v with respect to p is dv|du, then

(av[dp)(-) = lim D(-, h), as h— 0, a.e. p.

We shall denote lim D(-, h), as A — 0, by (Dv/Dp)(-) and shall call it the Besi-
covitch derivative of v with respect to p.
The following is an immediate consequence of 1.3.

COROLLARY 1.4. Let (i) M, (i=1, 2) be a o-finite, c.a., nonnegative measure on
the family %# of Borel subsets of the real line R.

(ii) #,={B: Be #, and M(B) <}, M, the product measure generated by M,
and M,, and #,,={B: B is a Borel subset of the complex plane R? and M,,(B) < c0}.

(iii) p be a c.a. measure on the ring %, which is a.c. with respect to M.

(iv) du/dM,, be any version of the Radon-Nikodym derivative of p. with respect to
M,,, which is defined throughout R2.

(v) For each Be #, and each t € R,

P8, 1) = [ (dufdbra)ls, DM (@)

Then (a) for each B € %, pg(-)=pn(Bx -) is a c.a. measure on B, which is a.c. with
respect to M.

(b) For each Be #,, p(B, -) is a version of dug|dM,, the domain of which is R.

(c) Foreachte R, p(-,t)is a c.a. measure on #,, which is a.c. with respect to M.

(d) Analogous results to (a), (b), and (c) hold for vy, where for each Be %,,
ve(-)=p(- X B).

2. Orthogonally scattered, 5#-valued measures. We first state a few results
concerning measures whose values are orthogonally scattered in a given Hilbert
space. These are special versions of more general results contained in [9], [10],
and [11].

DErINITION 2.1. Let (i) M be a o-finite, c.a., nonnegative measure on the family
% of Borel subsets of the real line R.

(i) #,={B: Be % and M(B)<o}.

Then a function ¢ on %, into a given Hilbert space s# such that for each pair of
B, Ce %,

(¢(B), §(C)) = M(BN C)

is called an orthogonally scattered (0.s.) # -valued measure over (R, #). M is called
the spectral measure associated with ¢. It follows immediately that (¢é(B), £(C))=0
if B and C are disjoint sets in %,, and (|, Bi) =2 &(By) if B,’s are disjoint sets
in %, whose union | J, B; is in %,.

There is a well-established theory of integration with respect to an o.s. s#-valued
measure ¢ whose associated spectral measure is o-finite (cf. [10] and [11]). We will
briefly state the main resuit.
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THEOREM 2.2. If & is the set of all stochastic integrals [, ¢ d¢ then

(@) [5 ¢ d€ exists iff [, |$|> dM < 0.
(b) [, (ap+by) dé=a [, ¢ dE+Db [, ¢ dE, where a and b are complex numbers.
(¢) &L =the cyclic subspace spanned by ¢, i.e.,

& = &{&(B); Be A}

) (Jpd dé, [z de)=[, ¢ $dM.
() The correspondence ¢ — [, ¢ d¢ is an isomorphism from Ly(R, &, M) onto &

such that (a) and (b) hold, and therefore

[ #ae

Let x be in 5# and {£(m)} be an orthonormal basis for a subspace # of 5#. Then
om |(x, ém))|2<co0 and the orthogonal projection of x onto . is given by
2m (x, €(m))é(m). The following theorem generalizes this result.

"= [ ipman

THEOREM 2.3. Let (i) x € 5 and ¢ be an o.s. #-valued measure over (R, &) whose
associated spectral measure M is o-finite.

(ii) P be the projection operator on 3 onto the cyclic subspace # spanned by the
measure &, i.e., # =S{£(B): B e B,}, where Bo={B € & & M(B)<©}.

Then (a) the complex-valued functions (x, £) and (¢, x) defined by (x, £)(-)
=(x, £(-)) and (¢, x)(-)=(£(-), x) are c.a. measures over (R, &) which are a.c. with

respect to M.
(®) (x, =(&, x)* and d(x, §)|dM ={d(¢, x)|dM }*.
(c) d(x, £)/dM and d(¢, x)[dM € Ly(R, &, M), and

Px = fR (d(x, &)/dM} dt.

Proof. Since the proof of (a) and (b) is trivial, we proceed to give the proof of
(c). By 2.2(c), there exists a complex-valued function ¢ such that

) Px = f $dt & $eLy(R, B, M).

Now by (1) and 2.2(d), for each B e &,
(x, §)(B) = (x, &(B)) = (Px, £&(B))

(4] - L

It immediately follows from the Besicovitch Theorem 1.3 that
2 d(x, é)/dM = ¢ a.e. M.
By (b), (1), and (2) the result follows. (Q.E.D.)
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COROLLARY 2.4. Let (i) £ be an o.s. H#-valued measure over (R, #) whose asso-
ciated spectral measure M is o-finite.

(ii) ¢ € Lo(R, &, M).
Then (a) for each x € #, the complex-valued function (£, x) defined in 2.3 is a c.a.
measure over (R, %) which is a.c. with respect to M.

(b) ¢ € Li[R, &, (¢, x)], and

(L $()é(de), x) = L ()&, x)(dw).

Proof. The proof of (a) follows from 2.3(a). Let P denote the projection operator
on 5 onto the cyclic subspace # spanned by the measure ¢. Since ¢ € Ly(R, #, M)
and by 2.3(c), d(¢, x)[dM € Ly(R, #, M), therefore ¢ d(x, £)/dM € L,(R, B, M) or
equivalently ¢ € L,[R, %, (¢, x)]. To prove the second part of (c), we observe that
by 2.2(c), [ ¢ d¢ € A and therefore

(#40) = ([ ss0)

Now by 2.2(d), 2.3(b), and 2.3(c),
([ #aepx) = ([ #ae [ 252ae) = [ s0) CEI ypacan)

= [ 9@ 22 M) = [ s)E o)

By (1) and (2) we get the result. (Q.E.D.)

3. The alternating projections theorem and >#-valued measures. Let {£,(m)} and
{€4(m)} be orthonormal bases for the subspaces .#, and .#, of a given Hilbert
space S Let P,, P,, and P be projection operators on s# onto the subspaces
My, My, and S(M,+.#,). From 1.2 it follows that for each x in 5#

Px = D (x, &(m)&Em)+ D (x, Ex(m))éa(m)
N -3 {Z x, &(m))(sz(m),fl(n))}gl(n>

-2, {Z ¥, Em)(E(m), gz(n»}gz(n)

+ .-

Now an orthonormal basis is just an o.s. #-valued measure over (R, %) which
is concentrated on the set of integers. In many situations it is more natural to think
of a subspace .# as being spanned by such a measure than by some basis, and to
represent a vector in 5# by an integral rather than by a sum. (This happens, for
instance, in the theory of the Fourier integral.)



19671 ON THE ALTERNATING PROJECTIONS THEOREM 125

We shall generalize equation (A) to the case in which .#, and .#, are spanned
by such measures £; and &,. We shall show that under certain conditions we get
instead of (A):

d(x,

Px = fﬂoam+f“x®(mw)

o - [ ] A 0 &, yaranlcan

J { d(x, fl) d(fj;lf:) a ,)Ml(ds)}fz(d,)+...

where M,,, M, are the product measures M, x My, M, x M,, and d( )/d denotes
the Radon-Nikodym derivative.

NoTATION 3.1. # will denote the family of Borel subsets of the real line R.
 will denote a fixed Hilbert space. ¢ (i=1, 2) will denote an o.s. #-valued
measure over (R, %) whose associated spectral measure M; (i=1, 2) is o-finite. We
set

#B,={B:Be# & M(B)<w}, 1Sig2,

& x # =the family of Borel subsets of the complex plane R2.

B xB,={BxC:BecH & CeB}, 15i,j=2,

Z,;=the ring generated by #,x %,, 1 i, j<2,

M,,;=the product measure M;x M; on #x %, 1 <i, j<2,

By={B:BecExB & M,(B)<w}, 15i,j<2.

To be able to carry out our work we need to study the complex-valued measure
(&, £,) which is generated by £; and £,. Our definition of this measure will be given
in several steps.

DEFINITION 3.2. We define (£, £;) on %, x %, by:

(¢i, £)(Bx C) = (&(B), £,(C)).

A usual argument may be used to prove the following lemma.

LEMMA 3.2. Let {B,}r-, and {C;}}-, be finite sequences of sets in %, x B; such that
Ur-1 Bx=U}=1 C.. Then

DGR Z (&, £)(C).

Since every B € %;; is a finite, disjoint union of sets in %; x #; (cf. [3, p. 139)),
from 3.2 it follows that (¢, ¢;) can be defined on Z%;; in the following way.

DErINITION 3.3. Let B € %;;. Then we define

(€ £)(B) = z (& £)(By).

where the B,’s are any finite sequence of disjoint sets in %, x %, such that
B= U2=1 Bk'
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The next lemma whose proof is easily seen shows that (¢, ¢;) is finitely additive
on #;.

LemMA 3.4. (a) (¢, &) is finitely additive on #,; and is a.c. with respect to My,
on Ry;.

(b) (&, &) is the unique finitely additive extension of the measure defined in 3.2 on
B x By to Ry.

To proceed further, some restriction has to be imposed on ¢; and &,.
AssUMPTION 3.5. There exist functions g5 and @5, on R? such that
(1) @i(-, 1) € Ly(R, B, M) a.e. t(M)),

M;—ess. lub.icg |@i(+ 5 1)]2,m, <0(3).
(2) For each B € %, xgpi; € Li(R%, B x B, M,;).
(3) For each BxCe #,x %,

E®, &) = [[ vl DMats, ).

BxC
We will see later (cf. 4.5) that in many situations Assumption 3.5 is satisfied.

LEMMA 3.6. Let (i) ¢, and &, be o.s. S#-valued measures over (R, %) satisfying
Assumption 3.5. Then (a) the measure (¢, £;) on Ry, introduced in 3.3, has a c.a.
extension py; to By, such that for each B € &,

B = [[ s, M, ).

(b) py, is a.c. with respect to My; and dp;[dMi;= ¢y a.e. My;.

DErFINITION 3.7. We define (§;, £,) on %, to be the py; of the last lemma.
In the next theorem we state some consequences which occur when we have a
c.a. measure (¢, ¢,) as above. The proof is immediate from 1.4.

THEOREM 3.8. With the notation of 3.1, if (&, &) is any c.a. measure on %,; which
is a.c. with respect to M, such that for each BxCec %, x%; (&, &)BxC)
=(&(B), £(C)). Then (a) for eachBe %#;, (&, £(B)) is a c.a. measure on &, which is
a.c. with respect to M.

(b) For each Be &;, [, {d(&, £)|AM}(-, t)M(dt) is a version of d(é,, £(B))/dM,.

(c) For almost all s(M;), {d(¢,, £4-))|dAM}(s) is a c.a. measure on B; which is a.c.
with respect to M.

(d) For each B € %, similar results hold for the measure (¢,(B), &)).

We shall now state the main theorem of this section.

(°) By definition |¢(-, H)lz.m,= [ lousls, DI2Mi(ds)]".



1967] ON THE ALTERNATING PROJECTIONS THEOREM 127

THEOREM 3.9. With the notation of 3.1, if ¢, (i=1, 2) are o.s. ¢ -valued measures
over (R, &) satisfying Assumption 3.5, and if (¢, £,) is the c.a. measure on %B,; given
by 3.7, then for each x in #

(@) d(x, £)/dM, € Ly(R, #, M),

d(x, gi) ( ) d(gi, ‘fj) ( t) GLl(R g M;) a.e. t(Mj)

f d(x, a) d(f» ff) (s, )My(ds) € L,(R, B, M),

{ ] d(x, f;) ( )d(fb f;) ( s, )M(ds)} d f/, ft) (,’ u) ELl(R, A, Mj) a.e. u(M,),

[ { [ s G £) d(«fb s,)( 9 M,(dg)} a, ff) (¢, -)M,(dt) € Ly(R, B, M),

(b) If P, (z— 1, 2) is the projection operator onto the cyclic subspaces M (i=1, 2)
which is spanned by &, (i=1, 2), then

28 (syeas),

P,P,x — f { d(x’ §i) d(gis §!) (S, t)M;(df)}fj(dt),

PP,Px = f { f { d((;‘Mf‘) d(f" ff) s, t)}d &, j‘) «, u)M,.(du)}g,(du), o

Proof. For simplicity let i=1 and 1—2. By 2.3,

ng=
R

) d(;‘jfl) €L (R, #,M,) and Px = "("’ fl)( )4 (ds).
Replacing x by P;x and ¢, by &, in (1) we get
@ “’(Zl—:f’«’) €L R, B, M, and P,Px = d(P i 52) ()Ealdr).
Let B e %#,. Then we have
(Pu, £(B)) = ( 8 e, 64)) by (1)
5D (56,(as), £48) by 2.4
® dﬂ;‘Mfl’ i OLACD by 3.8)
- [T {[ At i 2 (¢ ay(an @) by 350)

[ {] s d(f;;liz) 6 oM@,

where in the last step, the changc of order of integration can be justified as follows:
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J

By the Schwarz inequality, we have

d(x, §1) (s )‘ \d(fl’ 2) (s, )| M(ds)

< [t o]

where by (1), C=[[ |(d(x, &)/dM)(s)|>M(ds)]"* < 0, and by our hypothesis and
Assumption 3.5, K= M, —ess. lub.,cg |(d(¢,, £2)/dM12)(:, t)|2,m, <o©. Then

Lol

aM,
Hence Fubini’s Theorem (cf. [3, p. 148]) can be applied.
Since M, is o-finite, there exist countably many disjoint sets N; such that
oym, =\J N, where oy, is the spectrum of M, (cf. 1.3(iii)), and My(N,)<oo. If
t € N,, taking in (3) B=N; N A, ,, where A, ,={s: t—h<s<t+h} we get

d(x,
“dM,

§2) (S,

1/2
T Ml(dv)] < CK,

Mz(dt)} < CKMy(B) < o.

P ina) = [ {[ %52 0 9552 6wyt e,

Hence by the Besicovitch Theorem 1.3

d(Pyx, £5) (Pyx, £2(N; N A, 1))

M, My(N; N A, ) ash—=0

(1) = lim

Q)

Y (R 5Y) (s) d(gl’ 52) (5, t)My(ds) a.e. t€ N(My).
r dM,
Since {N;} is a countable collection, and My(R—o0y,)=0, (4) holds a.e. #(My). By
(2), we see that the function on the right-hand side of (4) is in Ly(R, %, M,) and
that

PP\ x = f { d(;jfll) d(gj}iZ) (s, )M 1(ds)}§2(d’)~

This.completes the proof of the first relation in (a) and the first two relations in (b).
T6 obtain the expression for P,P,x given by (b), we essentially made use of the
fact that

d(§19 fz) ( )

de < 00.

M, —ess. lub.
teR

€, fl’( YeLyR, B, My,

d(x, fl)
Pix = L TaM, dé,.
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Now since

< 00,
2,M,

M, —ess. lub.
teR

Lot

o) = f d(x, £1) d(fﬁf:) (s; - )My(ds) € Ly(R, B, My,),

P,Px = J;?sdfz,

therefore in exactly the same way as before we can obtain the expression for
P,P,P,x given in (b). The rest of the proof may be completed by induction.
(Q.E.D))

The following corollary is an immediate consequence of this theorem and 1.2.

CoRrOLLARY 3.10. With the notation of 3.1, if & (i=1,2) are o.s. #-valued
measures satisfying Assumption 3.5 and if P; (i=1,2) and P are the projection
operators on H onto the cyclic subspaces M=C{&(B), Be B} (i=1,2) and
&{ M, +M,}, then for each x € H,

P [ 408 (o, ag s [ 458 36,
0 { d(;Mf:) d(f;};fll) G t)M2(ds)}fl(dt)

— [ {] 2 ) 9 Lo a1 e
f { f { d;Mil) d(‘f" 62)( z)Ml(ds)}d(f"" &) 2 u)Mz(dt)}fl(du)

f { [ {258 5 8 1, a9} 280 G, ayptca i

4. Application of the alternating projections theorem to bivariate stationary
stochastic processes. Let x(¢)=(x(¢)){-, € #7 be a g-variate, stationary SP with
the shift group (U, t € R). Here 5 is the cartesian product of a complex Hilbert
space # with itself g-times, and (U, € R) is a strongly continuous group of
unitary ‘operators on S such that x,(t+s)=U,x(s) for all 5, € R (1i<q). By
Stone’s Theorem (cf. [8, p. 383]), there exists a spectral measure E on the family
# of Borel subsets of the real line R such that U,=[”_ e **E(d)). The ¢ xq non-
negative, hermitian matrix-valued function F(A)=2m=(E(—oc0, A]x(0), x(0)) is called
the spectral distribution of the SP. If F is absolutely continuous with respect to
the Lebesgue measure (Leb), its derivative F’ is called the spectral density of the
SP.
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Let /#(t) be the past-present subspace of the SP (x(¢), t € R) up to time ¢ in 37,
ie., H(t)=6{x(s), s<t}. Let M(—0) be its remote past subspace in 7, i.e.,
MH(—00)= 50 H(2).

An important result is that if #(—o00)={0}, then F is a.c. with respect to Leb,
and x(t)=j"_,, C(t—s5)&(ds), where C(-) and F’(-) are related by a matrix-valued
function @ on R such that

SN®*()) = F'(N) ae. A and () = J ® C(r)e™ dt € Ly(R, B, Leb),
0

and if @* denotes the holomorphic extension of @ to the upper half-plane, ®*(i)
is nonnegative hermitian, and

1 (= dA
+(7) = — "0y —2_.
det ®*(i) = exp > f_w log det F'(}) T

The function & is called the generating function of the SP. It is not hard to show
(cf. [5, p. 1372] and [11, p. 33]) that for each bounded interval (a, 5]

£(a, b] = 2‘1’2{h(b)—h(a)+ fb h(s) ds},

where (h(?), t € R) is the weakly Markovian SP which is associated with the SP
(x(2), t € R).

We will need the following theorem, the proof of which is omitted and may be
found in [11].

THEOREM 4.1. Let (x(¢), t € R) be a g-variate, stationary SP with spectral distri-
bution F. Then (a) (x(2), t € R) is purely nondeterministic, i.e., #M(—o0)={0} iff F is
absolutely continuous with respect to the Lebesgue measure. If (a) holds, then

(b) &{&(a, b], —s<asb<t}=8{xu): s<u<t}.

(c) E can be uniquely extended to the family % of Borel subsets of the real line R.
If the SP is of rank q, or equivalently log det F'(A)/(1+ A%) € L,(R, &, Leb), then for
each Borel set B of finite Lebesgue measure this extension has the representation

§B) = @0 [ ()@ OE@XO),

where %5(X)=(2m) "2 [, e~ df.
(d) The extension § is an o.s. #*-valued measure over (R, %), whose associated
spectral measure is Leb(-)l,, where I, is the identity matrix of order q.

DEFINITION 4.2. E as defined in 4.1(c) is called the canonical measure of the SP
(x(¢), t € R).

Now let (x(¢), ¢ € R) be a bivariate, purely nondeterministic SP. Let T be the
projection operator on 32 onto the subspace #(0), and P be the projection
operator on ¥ onto the subspace S{#,(0)+.#4(0)}, where .#,(0) and .#,(0) are
the past-present subspaces of the component processes x;(¢) and x,(). It is easy
to see (cf. [12, I, p. 131]) that the components of Tx(¢) are precisely Px,(¢) and
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Pxy(t). Applying the results of §3 we will be able to obtain convergent infinite
series expressions for Px;(¢) and Px,(t), and hence the best linear prediction Tx(t)
is determinable.

Since (x(¢), t € R) is purely nondeterministic, so are its component processes
(x1(2), t € R) and (x5(2), t € R) (cf. [11, p. 79]). Accordingly ¢, and £, will denote
the canonical measures of the processes (x:(¢), € R) and (x,(¢), t€ R). Also
(1) and #,(t) will denote the past-present subspaces of (x,(¢),¢€ R) and
(x2(2), t € R) up to time ¢ in .

We will be able to effect our algorithm under the following assumption.

AssuMPTION 4.3. The spectral density F'=[F;], 1<i, j<2, of the bivariate,
purely nondeterministic SP (x(¢), ¢ € R) satisfies the condition

Fig/(F11)"(F29)''® € Ly(R, 8, Leb)(*).

REMARK 4.4. We assert that the SP has rank 2. For if its rank were less than 2,
then F;,Fy,— FioF;, =det F'=0a.e. on R (cf. [11, p. 36]). Hence Fio/(F1,)Y/?(F35)"?
=1¢ L,(R, #, Leb) which contradicts Assumption 4.3.

The component processes (x;(?), € R) and (xx(¢), ¢t € R) are purely nondeter-
ministic, and hence have the generating function ¢,, ¢,. We also note that since
det F' =0, F'|(F{,)"%(F35)*"2 < 1. Hence by Assumption 4.3,

Fio/(F11)"?(F32)'? € Ly(R, #, Leb), 1 <8 < 0.

THEOREM 4.5. Let (i) the SP (x(¢), t € R) satisfy Assumption 4.3.

(i) & (i=1,2) be the canonical measure of the component process (x(t), t € R)
(i=1, 2). Then Assumption 3.5 is satisfied, i.e., there exist Borel measurable functions
@12 and @y, on R? such that

@i(+, ) € Ly(R, &, Leb) a.e. t,

ess. lub.|@(-, )|, Lep < .
teR

M

(2) For each B € %#,;, xspi; € Li(R?, % x &, Leb x Leb).
(3) For each Bx C € #,x %,,

(£(B), £(C)) = f f ou(s, 1) ds dt.

In fact if
1 f © —1{tA E,I(A)
1) = — —2=— d)\(5),
=52 ) . " 3Em 4O
then
Pils, 1) = i (s—1),
where ¢, (i=1, 2) is the generating function of the component process (x(t), t € R)
(i=1,2).

(*) By Cramér’s Theorem (cf. [2, p. 221]) it is easy to see that this assumption is not void.
(%) Since |¢|2=F} (i=1, 2), by 4.4, F;/$,, is in Ly(R, &, Leb), 1 <8< 0.
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Proof. Let y,,(t)=(1/2m) [Z, e~** (Fj())/)¢,(N) dA. We define ¢;; on R* by

@i5(s, t) = yi(s—1).

Since |¢,|2=F}, by (i) and 4.4, F;;/$.$, € Ly(R, &, Leb). Hence by Plancherel’s

Theorem we have [*_ |py(s, )2 ds=[", |yif(s—1)|? ds=(1/2m)| F};/$:;|3 Len < 0,

5o that ess. lub.,eg |@i(+ 5 )] 2,100 =(1/27)| F};/$:b;| 2.L.e0 < 0. Hence (1) is proved.
Also by (i) and 4.4, ¢;, € L,(R?%, # x %, Leb x Leb) and hence (2) is satisfied.
By 4.1, for each Be &, (i=1, 2) we have

£(B) = (2m)2 f " 2B WE@)x©) (@ = 1,2).

From (i) it follows that Fj;/¢;$; € L (R, &, Leb), so that by Fubini’s Theorem for
each Bx C e #,x %,

B, 600 = 20( [ T WE@xO), [~ 707 I(A)E(dx)xf(O))

- -

=2 f " LR OFTOHE@)(0), %(0)

~ 7 56T s e 1, p. 82D

& T s

- f f vi(s, £) ds dr. (Q.E.D)

BxC
We now state the main theorem of this section.

MAIN THEOREM 4.6. Let (i) the bivariate SP (x(t), t € R) satisfy Assumption 4.3.

(ii) A(0) (i=1,2) be the past-present subspace of the component process
(x(2), te R) (i=1, 2), and let P,, P,, and P be the projection operators on 3¢ (%) onto
the subspaces M ,(0), # »(0), and S{A(0)+ .#,(0)}.

(ii)) $N)=]Jg eMe(t) dt,

L (" o _Fi)
w0 =52 o

where ¢; (i=1, 2) is the generating function of the component process (x(t), t € R),
1gig2.

@iv) & (i=1,2) be the canonical measure of the component process (x(t), t € R)
(i=12).

() o is a Hilbert space such that x,(t) € &# for all t€ R, i=1, 2.
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Then for each =0,

Pu) = [ aeri-ar+ [*{[ atrromte-ds}es-ay

_ J:o {J‘: {f: e+ )yt —5) ds}y,,(u—t) dt}fq(—du)+ .

Proof. By the third paragraph of §4 and 4.1(b),

x(7) = j " a(r+ (- db),

M(0) = S{&(B), B < (—o0, 0] and Be By).

By 4.5(c), (d(¢,, £))/dM;)(s, t)=y;(s—1t) and Assumption 3.5 is satisfied. Hence by
(i) and 3.9, we have

)

P = [ alr+9t(-db),
Pt = [“{[ etr+mta—9) ds}e—a),
pe) = [ {[{[ atrrsmit-9 dshpuu—n (- d

pp = [“{[7 atrrsmta—9) dshe-dn.
Hence, after some simplification, we have the result'by 3.10. (Q.E.D.)

The following is an immediate corollary to this theorem.

COROLLARY 4.7. With the notation of 4.6, if Q is the projection operator on #
onto the orthogonal complement of S{#,(0)+.#5(0)} in £ then for each 20

+ J: {J:o {J': et 8y t—s) dS}y,-((u— 1) dt}fa(— du)—- - -.
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Oxi(7) = f 0, ei(r+5)E(ds) — f: { ff clr+ Syt —5) ds}f,(-—dt)
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